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‘We propose a fast algorithm for nonlinear moving horizon state estimation (MHSE). An optimization problem to
be solved at each time step is formulated in a deterministic setting to estimate the unknown state and the unknown
disturbance over a finite past, which leads to a nonlinear two-point boundary-value problem (TPBVP) to be solved at
each time. Instead of solving the nonlinear TPBVP with an iterative method, the estimate is updated by integrating
a differential equation to trace the time-varying solution of the TPBVP, which is a kind of continuation method and
needs to solve a linear algebraic equation only once at each sampling time. Moreover, the linear algebraic equation
involved in the differential equation is solved efficiently by the generalized minimum-residual method, one of the
Krylov subspace methods. The proposed algorithm is evaluated by a numerical simulation and experiment with
a hovercraft model the dynamics of which are nonlinear. MHSE by the proposed algorithm generates reasonable
estimates even when the extended Kalman filter fails, and the proposed algorithm is sufficiently fast for real-time
implementation with a sampling period in the order of milliseconds.

Introduction

ONLINEAR state estimation has been an important and chal-

lenging problem for many years. Until now, various methods
such as the extended Kalman filter (EKF), the statistical approxi-
mation approach, and the extended Luenberger observer have been
proposed for nonlinear state estimation problems.!~3 There are also
sophisticated methods based on higher-order approximation than
the EKF in the stochastic setting.*> However, those methods of-
ten result in poor performance because they are formulated with
linearization or approximation of nonlinearities. Another approach
to state estimation is nonlinear observer design in the determinis-
tic setting via, for example, exact linearization®~'? or passivation''
of error dynamics. However, only a restricted class of nonlinear
systems satisfies the conditions required for those observer design
methods.

In contrast to the preceding methods, nonlinear moving horizon
state estimation (MHSE) is formulated for nonlinear systems with-
out linearization and, moreover, can handle constraints. In MHSE,
an optimization problem over a finite past is solved at each time step
to determine the optimal estimate of the state. As long as the opti-
mization problem can be solved numerically, MHSE is applicable to
a wide class of nonlinear systems. Because a nonlinear optimization
problem is computationally demanding, nonlinear MHSE has been
mainly aimed at application to chemical processes,'>~!3 where the
sampling interval is sufficiently large for solving the optimization
problem at every sampling time. It is still a challenging problem to
apply nonlinear MHSE to mechanical systems, where the sampling
intervals are much shorter than those in chemical processes, even if
the newest computers are used.
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Because the optimization problem in MHSE and its solution de-
pend on time, it is a natural idea to trace the infinitesimal variation of
the optimal solution with respect to time for avoiding computation-
ally demanding iterative optimization methods, which is a kind of
continuation method.!%!7 In fact, the continuation method has been
used to derive a differential equation for the state estimate without
any discretization,'®!? which can be used as a real-time algorithm.
However, that differential equation involves the complicated Riccati
differential equation for solving a linear two-point boundary-value
problem (TPBVP) associated with the time-dependent variation in
the optimal trajectory. Therefore, there is still room for improve-
ment in the amount of computation even if iterative optimization
methods are avoided.

In this paper, we propose a fast algorithm, called the continuation/
generalized minimum residual C/(GMRES) method, for nonlinear
MHSE, in which the continuation method is combined with a fast
algorithm for linear algebraic equation instead of the complicated
Riccati differential equation. The nonlinear MHSE problem is for-
mulated in a deterministic setting, and the optimization problem
is discretized over the horizon. Then, an associated TPBVP to be
solved at each time step is derived, and a differential equation for
updating the optimized variable is obtained through the use of the
continuation method. Because the differential equation involves a
large linear algebraic equation, the GMRES method® is employed
to solve the linear equation efficiently.

C/GMRES was originally proposed for the nonlinear receding
horizon control (model predictive control) problem,?!?? in which the
control performance over a finite future is optimized, and it has been
shown that C/GMRES is not only faster but also more numerically
robust than the conventional algorithm involving the Riccati differ-
ential equation.?! Therefore, it is meaningful to adopt C/GMRES
into the nonlinear MHSE problem, which is the dual of the nonlin-
ear receding horizon control problem in the sense that the horizon is
time reversed. As shown in this paper, C/GMRES is also applicable
to the MHSE problem with suitable formulation and modification.
Some features inherent in the MHSE problem are also discussed.

To examine the practical applicability and computational time,
the proposed algorithm is applied to a numerical simulation and an
experiment with a hovercraft model. It is shown that MHSE by the
proposed algorithm generates reasonable estimates even when the
EKF fails. Results of simulation and experiment also show that non-
linear MHSE is possible in real time with the proposed algorithm.
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Problem Formulation

Nonlinear Moving Horizon State Estimation Problem

This section briefly summarizes the nonlinear MHSE problem.
All functions are assumed to be differentiable as many times as nec-
essary hereafter. We consider a generic nonlinear system expressed
by the following state equation and measurement equation:

{x(r) = flx@), u@t), w)]
(@) = glx(@), u(@), v(®)] D

where x () € R" denotes the state vector, u(¢) € R™ the input vec-
tor, w(¢) € R™ the vector of unknown disturbances, y(¢) € R the
measurement vector, and v(¢) € R” the vector of unknown mea-
surement noise, respectively. Equality constraints are also imposed
in general as

Clx(®), w(), p()] =0 @

where C is an m.-dimensional vector-valued function. In the case
of an inequality constraint, it is necessary to introduce a penalty
function method or some heuristic modification of the problem in-
cluding a dummy input.?! For the sake of simple notation, all known
quantities are put together into a vector p(t) € R"», for example,
p()=[yT () uT (¢)]". If there are any other known time-variant
parameters in the problem setting, they can also be included in p(¢).

In general, state estimation can be regarded as a problem to find,
for a certain time horizon, a state trajectory that is consistent with the
model and measurement for some possible disturbance and noise.
More specifically, it is a problem to find functions x(¢), w(z), and
v(r) that satisfy Egs. (1) and (2) for the given functions y(¢) and u ().
To determine the estimate uniquely among the consistent estimates,
we minimize the disturbance and noise under a certain criterion in
this paper, regarding w(¢) and v(¢) in Egs. (1) and (2) as the deviation
of the estimate from the ideal noise-free model and measurement.
To formulate the problem as a standard optimization problem, we
assume that v(¢) can be represented with the state vector x(¢) and
the known quantity p(z) from the measurement equation in Eq. (1)
as

v(r) = hlx (), p()]

This assumption holds trivially in the case of additive measurement
noise, where the noise represents the estimation residual, and is not
a significant restriction on the problem. Then, the quantities to be
minimized are expressed as functions of p, x, and w.

In the MHSE problem, the estimates of the state and disturbance
are determined at each time # so as to minimize a performance index
over the horizon [t — T, ¢]:

J =@, pO1+¢{x"[t =T 1, X)), pt = T)}

+ / L{x"[t'; t, (D], w("), pt)}de’ (3)
-T

where x(¢) denotes the estimate of x(¢) and x¥(¢';¢,%) t —T <
t' <t) the state trajectory for the input functions u and w such that
x"(t;t,X)=x (Fig. 1). Note that x*[t — T'; ¢, x(¢)] is not neces-
sarily identical to x(r — T') obtained in the past estimation. The
functions 7, ¢, and L are chosen to be appropriate penalties on the
estimation residual, the estimated disturbance and noise, or unnec-
essary variation in the estimates. The problem to be solved at each
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Fig. 1 Estimated state trajectory over the moving horizon.

time is essentially a generalization of a deterministic smoothing
problem for a linear system.?* The optimized quantities at time ¢
are the terminal state X(¢) and the time history of the disturbance
w(t) (t =T <t' <t), and the optimal value of x(¢) is regarded as
the resultant estimate of the MHSE problem.

By introducing a fictitious time 7, the MHSE problem can be
rewritten as a family of finite horizon optimization problems along
the 7 axis as follows.

Minimize:

J =nlx*0,1), pO] + ¢lx* (=T, 1), p(t = T)]

0
+/ Lx*(z,t), w*(z, 1), p(t + 7)]dt

T

Subject to:

xi(z,t) = flx*(r, ), u(t + 7), w*(r, )]
Clx*(z, 1), w*(r,t), pt+1)]=0

where x* denotes the partial derivative of x* with respect to 7. The
new state vector x*(t,¢) denotes the trajectory along the t axis
such that x*(0, ) = X(¢) (Fig. 1). Then, the problem reduces to a
kind of optimal control problem in which the terminal state is un-
known, and the resultant estimates are expressed as X () =x*(0, 1)
and w(r) =w*(0, r). The horizon length T is a function of time,
T =T (t), in general, as is explained later.

Discretized Problem

At each time ¢, we find the optimal trajectory over [r — T, ¢] that
minimizes the performance index and employ its terminal state at
time ¢ as the present estimate X (¢). To this end, we divide the horizon
into N equal steps and discretize the optimal estimation problem
with the backward difference as follows:

X[ () =x' (@) — f[xi*Jrl(t)’ Uiy (1), w:‘H(t)]Ar @
Clxr@). wi @), pr@)] =0 )

T =n[xx @), py @]+ ¢[x5 ), ps )]

N
+ Y L@, wi ), pi(]AT ©6)

i=1

where the discretization step is given by At :=T /N, x(t) cor-
responds to the state at time ¢t — 7 +iAt on the optimal trajec-
tory (Fig. 2), and p}(¢) and u} () are given by p(t — T +i A7) and
u(t — T +iArt), respectively. The optimized quantities at each time
t are the terminal state X (¢) = x}, (¢) and the discretized sequence of
the disturbance {w; (1)} ,.

Let H denote the Hamiltonian defined by

Hx,hw,pw, p)i=Lx,w, p) + A7 f(x, w,u) + u" Cx, w, p)

where A € R" denotes the costate and i € R™ denotes the Lagrange
multiplier associated with the equality constraint. The first-order
necessary conditions for the optimal estimates X(¢) =x} (f) and
{w} (t)}f.v=1 are readily obtained as a TPBVP by the calculus of

-1 t Time
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Fig. 2 Estimated state trajectory over the discretized horizon.
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variations as
Hop [x7 (0, 5y (0), w} (0), i (1), pf ()] =0 )

M) =2 () = H [x7 (0, 47 (0), wi (@), 1} (), p} (1) ] Az

®)
MOESHEMONNG] ©)
A (0) = =9l [x; ), py(©)] (10)

where H, denotes the partial derivative of H with respect to w.
The sequences of the optimal estimates {w}()}"_,, £(r) = x}, (¢)
and the multiplier {uj‘(t)}f\’:1 must satisfy Eqs. (4) and (5) and (7—
10). The TPBVP for the discretized problem is identical to a finite
difference approximation of the TPBVP for the original continuous-
time problem. Therefore, the solution of the discretized problem
converges to the solution of the continuous-time problem as N — oo
under mild conditions.?*

We define a vector of the estimates and multipliers and a vector
of known quantities as

W) = [wi" @ " @) wi' @) s @)
Ll T O 0] e R

P :=[p"®) pi@...p5 O] eR™Y

where m := (m, +m.)N +n. We also define a projection Iy :
R™ — R" as

My (W) :=xy

For given W (¢) and P(¢), {xl.*(t)}fvz1 is calculated backward re-
cursively using Eq. (4), and then {)»j.‘(t)},’.\’:1 is also calculated re-
cursively from i =0 to N by using Eqgs. (8) and (10). Therefore,
Egs. (5), (7), and (9) can be regarded as one equation defined as

FIW (1), P(1),1]

A O RHORIHONHONHG]
C[xr@), wi), pi)]

= : =0 (1D
HY [ @), 2 (0, wiy (), 1y (0, py ()]

Clxn @), wi @), py )]
i (@) =l [x3 @), Py )] _

If the equation is solved with respect to W (¢) for the known quan-
tities P (¢), then the optimal estimate X (¢) = I1y[W (¢)] is obtained.

Other high-order discretization schemes can also be employed
to obtain the equation corresponding to Eq. (11), at the expense of
simplicity and computational burden. In particular, generalization
of Egs. (4) and (8) to any explicit scheme is straightforward as long
as the state and costate can be calculated recursively.

Continuation/GMRES Method

Instead of solving the nonlinear equation F (W, P,t)=0 it-
self at each time with such an iterative method as Newton’s
method, we find the derivative of W with respect to time such
that F[W (¢), P (t), t] = Oissatisfied identically. Namely, we choose
W (0) so that F[W (0), P(0), 0] =0 and determine W (¢) so that

F(W,P,t)=AF(W,P,t) (12)

where A; is a stable matrix introduced to stabilize F' = 0. By total
differentiation, we have

FyW = A,F — FpP — F,

F[W,P(t),t}=0

>
>

t Time

Fig. 3 Continuation method for tracing the solution curve.

which can be regarded as a linear algebraic equation, with a coeffi-
cient matrix Fy, to determine W for given W, P, P, and ¢. Then,
if the Jacobian Fyy, is nonsingular, we obtain a differential equation
for W () as

W = F;"(A,F — FpP — F,) (13)

We can update the solution W (¢) of F[W (¢), P(t), t]=0 without
iterative optimization methods by integrating Eq. (13) in real time
as, for example, W (t + At) =W (¢) + W (¢) At, where At denotes
the sampling period. The present approach is a kind of continuation
method'®!” in the sense that the solution curve W (¢) is traced by
integrating a differential equation (Fig. 3).

In the present deterministic formulation, we assume the estimate
W () and the measured quantity P (¢) are differentiable with re-
spect to time, while actual disturbances, noise, and inputs are not
necessarily differentiable. However, this assumption is not a practi-
cal limitation because the actual computation process is discretized
with respect to time 7. That is, differentiation is approximated by
finite difference, which can be performed formally even for noisy
or discontinuous data.

From the computational point of view, the differential equa-
tion (13) still involves expensive operations, that is, Jacobians Fy,
Fp, and F, and the linear algebraic equation associated with F‘;l.
In the present definition of F' in Eq. (11), the Jacobian Fy, is dense
because x7(t) and A} (t) are functions of W (¢), and therefore the
sparse finite difference is not applicable. To reduce the computa-
tional cost in the Jacobians and the linear equation, we employ two
techniques, that is, the forward difference approximation for prod-
ucts of Jacobians and vectors, and the GMRES method?>? for the
linear algebraic equation.

First, we approximate the products of the Jacobians and some
U, eR", U,eR""  and U; e R with the forward difference as
follows:

FyW,P,0)U + Fp(W,P,t)U, + F,(W, P, 1)Us
~D,F(W,P,t:U;,U,, Us;)
=[FW +hU,, P+ hUy, t +hUsz) = F(W,P,t)]l/h
where £ is a positive real number. Then Eq. (12) is approximated by
DyF(W, Pt :W,P,1)=AFW,P,t)
which is equivalent to
DyF(W,P+hP,t+h:W,0,0)=bW,P,P,t) (14
where
b(W,P,P,t):=AF(W,P,t)— D, F(W,P,1:0,P, 1)

The forward difference approximation is different from the finite
difference approximation of the Jacobians themselves. The forward
difference approximation of the products of the Jacobians and vec-
tors can be calculated with only an additional evaluation of the
function, which requires notably less computational burden than an
approximation of the Jacobians themselves.

~ Because Eq. (14) approximates a linear equation with respect to
W, we apply GMRES to.Eq. (14), which s called FDGMRES ,20 with
a certain initial guess W.
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Algorlthml
4 :=FDGMRES(W, P, P,t, W Ry kax)-
1) o_b(WPPt)—DhF(W P+hP,t+h: WOO)

v =ro/llrolls p:= lIroll, B:= p, k:=0.
2) While k < kpax, do

a)k:=k+1. )
b) vip1 =D F(W, P4+hP,t+h:v,0,0),
for j=1,...,k.
D) hjc=vg, v,
) v =g —hjv;.
©) Mg 1k = vk 41l
d) vegr =1/ lvesall
e)Fore;=[10---0]" e R**! and Hy = (h;;) e R* T D>k
(h,-/- =0fori > j + 1), minimize || B¢, — H;z*|| to determine
zF e R,

f) pi=Ilper — Hiz"|.

3)W W+VkZ where Vk=[U1"‘Uk]€Rm><k.

GMRES is a kind of Krylov subspace method for such a lin-
ear equation as Ax =b with A not necessarily symmetric or pos-
itive definite. GMRES at the kth iteration minimizes the residual
p:=|lb— Ax| with x € xo + K;, where x; is the initial guess and
K« denotes the Krylov subspace defined by X, := span{ry, Ary, ...,
A*~1ro} withrg := b — Axy. GMRES also successively generates an
orthonormal basis {v; }" for ;. Minimization in step 2e is exe-
cuted efficiently through the use of Givens rotations. In principle,
GMRES reduces the residual monotonically and converges to the
solution within the same number of iterations as the dimension of
the equation. However, an important advantage of GMRES for a
large linear equation is that a specified error tolerance, for example,
p <&|roll (0 <& < 1), can be achieved with much fewer iterations.

In step 2b, the product of a matrix and a vector in the usual GM-
RES, Fw (W, P, t)v;, is replaced with its forward difference ap-
proximation, D, F(W, P +hP,t+h:v;, 0,0). It is clear that the
orthonormal basis {v; }, _ 1,k vectors in R, must be stored during the
execution of FDGMRES, which might require a huge amount of data
storage for alarge problem. Moreover, many iterations can be impos-
sible from the viewpoint of execution time in real-time implementa-
tion. Therefore, the iteration number k,,,x should be chosen as small
as possible. Fortunately, in the present real-time application the so-
lution W' at the previous sampling time is often a good initial guess
for FDGMRES, and a small k,,,x often suffices to obtain an accurate
solution. If a large number of iterations are necessary with a limited
amount of data storage, it is a common technique to restart FDGM-
RES from the current iterate by resetting the orthonormal basis.

With W obtained approximately through the use of FDGM-
RES, W (¢) is updated by integrating W in real time. The con-
tinuation/GMRES method for nonlinear MHSE is summarized as
follows.

Algorithm 2 (C/GMRES)

1) Let the horizon T (¢) be a smooth function such that 7 (0) =0
and T (1) — Ty (t — 00). Let At be the sampling period, and let £ (0)
be an appropriate initial guess. Let 7 := 0, obtain the initial measure-
ment p(0), and let x;(0) :=x(0), Af(0) = —¢XT [£(0), p(0)] i =0,

., N). Find w(0) and 1 (0) analytically or numerically such that

[Huf {2(0), — 9! 1%(0), p(0)], @(0), u(0), p<0)}] _
CI2(0), 1(0), p(0)]

Let w;(0)=w(0) and u;(0)=pu(0) (i =1,..., N), which gives
the initial condition W (0) such that |[F[W (0), P(0),0]||=
167 [£(0), p(O)]+ 0T [£(0), p(O)1]I.

2) At time ¢+ At, obtain the measurement p(¢+ At), and
let AP := P (¢t + At) — P(t). Compute W (t) by W : =EDGMRES
(W, P, AP/At,t, Wk, k), where the injtial guess W is appro-

priately chosen, for example, W:=0 or W:= W(— Ar) with
W (=At):=0. Let W (t + Ar) = W (1) + W () At. The estimate is
obtained as x( + Ar) =TIy [W (r + AD)].

3) Lett :=t 4 At, and go back to step 2.

The iterative method is used only to solve the linear algebraic
equation (13) with respect to W, and through the use of its solu-

tion the solution of the nonlinear equation F (W, P, t) =0 is traced
without any line search or Newton iteration. In particular, C/GMRES
solves the linear equation (13) only once at each sampling time and,
therefore, requires much less computational burden than such iter-
ative methods as Newton’s method, which solves a linear equation
several times to determine search directions.

In step 1, because 7(0) =0, W(0) can be initialized by find-
ing only w(0) and 1« (0), which requires much less computational
burden than the original Eq. (11). One can also introduce a search
of X(0) and an appropriate continuation in the penalties ¢ and n
so that ¢T [£(0), p(0)] +nT [£(0), p(0)] = 0. When increasing T (¢)
to Ty, the increasing rate d7'(¢)/dt must be limited so that the
measured data are available for the horizon [t — T (¢), t]. If #,:=
inf, > o[t — T (¢)] is negative, data acquisition must start at t =, be-
fore estimation starts at  =0. Moreover, the vector P (f) must be
constructed by interpolating the measured data, unless the step on
the horizon At =T (¢)/N, is identical to the sampling period At.

In comparison to the case of nonlinear receding horizon control,
the present algorithm has such inherent features that the terminal
state is included in the unknown vector W, the measured data must be
differentiated, and the horizon length is limited by the acquired data
length. However, error analysis of C/GMRES in a general form,?'
taking discretization errors into account, is also valid for the present
case of nonlinear MHSE. That is, under some assumptions such that
[IP]l (or its finite difference approximation), || Fy ||, ||Fu’,1||, I Fpll,
and || F; || are bounded and Fy, Fp, and F; are Lipschitz continuous,
the error || F || is bounded if A; = —¢ 1 with 0 < ¢ At < ¢ At for some
¢ suchthat 1 <¢Atr <?2.

Numerical Example

Model and Performance Index

To evaluate the effectiveness of C/GMRES for nonlinear MHSE,
we apply the algorithm to the state estimation of a hovercraft model.
Figure 4 shows the coordinate system. The state equation of the
hovercraft model is given by

X1(1)
x1(0)7] ()
(1) 50
d x| Wcos x3(t) + wi (1)
dr | 510y | —
() W sin x3(t) + wa (1)
X3(1)
I Ul(l)l—vuz(l)r +ws(t) |
n@]  [a® L[no
»n@0 ] @ v2(7)
=Dx(t)+v
X3
]
Y
XZ A

Fig. 4 Hovercraft model.
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where (x (), x,(¢)) denotes the position of the center of mass of the
hovercraft and x;(¢) the attitude angle. The parameters /., M, and
r denote the moment of inertia, the mass, and the distance between
the thrusters and the center of mass, respectively, u;(¢) and u, ()
are outputs of the thrusters; w;(¢), w,(¢), and ws(¢) are unknown
disturbances; and v, (¢) and v,(¢) are unknown measurement noise.
Hence, the only available measurement is the position of the hover-
craft, and it is necessary to estimate the attitude angle and velocities.

The performance index with a moving horizon is chosen in the
form of Eq. (3) with

p=D"u’ 2717

n=0

¢ = $18G —T) =2l = T: 1. 2ONT SpEG = T)
—x"[t =T; 6, %O

L =1{y@)—Dx"[t';1, X" O{y ()
= Dx"[5 1, RO + w W ()

where S, O, and R are weighting matrices and (¢ —T) denotes
the estimate in the past, which has already been obtained through
optimization over [t — 2T, ¢ — T] and is not necessarily identical
tox"[t —T; t, X(¢)] in the current optimization over [t — T, t]. The
penalty ¢ is added because it is preferable that the optimal trajectory
be consistent with the past estimate. Such a penalty is also often
effective for attaining numerical stability of the computation.

Accuracy of Estimation
To confirm the effectiveness for nonlinearity, we compare the
proposed algorithm with an EKF. Inputs are given by

uy (1) = 0.3 sin(0.27) + 0.1
up(t) = 0.3 sin(0.27 + 0.1) + 0.1

The disturbances w, (¢), wa(¢), and w;(¢) are given by discretized
random sequences of the normal distributions of average 0 and stan-
dard deviation 0.001 N, and the measurement noise v;(¢) and v,(¢)
is given by discretized random sequences of the normal distributions
of average 0 and standard deviation 0.005 m. They are treated as
constant over the integration step At of simulation.

The physical parameters of the simulation are the moment of
inertia /. = 0.0125 kg - m?, the mass M = 0.86 kg, and the distance
r =0.0485 m. For MHSE, the following weighting matrices are
chosen:

Sy = diag[10, 5,0.1, 1, 1, 0.5]
Q0 = diag|5, 5]
W = diag[15, 15, 20]

These weighting matrices are chosen by trial and error. If the weight
W on the disturbance is large in comparison with the weight Q on
the noise, the unknown disturbance is assumed to be small, and
the discrepancy between the measured output y and the estimated
output Dx" is attributed mainly to the measurement noise v. Con-
versely if the weight on the noise is large in comparison with the
weight on the disturbance, the noise is assumed to be small, and the
disturbance w is determined to make the state trajectory consistent
with the measured output. If the weight Sy on the difference between
the past estimate X(+ — T') and the corresponding current estimate
x"[t—T;t, x(¢)] is large, the estimate x(¢) is determined relying
mainly on the past estimate rather than the currently available mea-
surement.

The computation is performed on a personal computer (CPU:
Power PC, 600 MHz) with the integration step Afr =1/120 s, the
number of grids N =20, k. =20, and ¢ =1/A¢. The length of
the horizon is chosen so that T (0) =0 and T (1) — Ty as t — oo,

MHSE .
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Fig. 5 Results of estimation.

namely, T (t) :=T¢(1 —e ') with Tr=2 s and a =0.5. As dis-
cussed in the preceding section, if data before t = 0 are not available,
t — T (¢) must always be nonnegative. Therefore, the parameter o
must satisfy the condition T (0) =Ty < 1. The initial estimate is
given as £(0) =[0, 0, 0.2, 0, 0, 0]7, and the actual initial state is set
as x(0) =[0, 0, 0.05, 0,0, —0.01]".

Figure 5 shows the results of estimation by the proposed MHSE
algorithm and the EKF. The figure shows the estimation error
|IX — x|| for both algorithms as well as the error of optimality || F ||
in MHSE. The estimates by MHSE (solid lines) agree well with
the real states (broken lines). In particular, the estimates of x;, Xy,
X7, and X, are indistinguishable from the corresponding real states.
Although there are initial errors in x3 and x3, the errors attenuate
within 2.5 s in MHSE. In contrast, the EKF fails to generate reason-
able estimates, and the estimates by EKF (dash—dotted lines) deviate
from the real states. The estimation error for EKF goes beyond nine
during the simulation of 10 s, while the estimation error for MHSE
is always less than 0.2.

Computational Cost

To confirm the reduction of computational cost, we compare the
proposed algorithm C/GMRES with a general-purpose algorithm.
We employ MINPACK? to solve the nonlinear equation (11). The
simulation settings are the same as described in the preceding sub-
section. Another algorithm based on the continuation method,'!?
which involves the complicated Riccati differential equation, is not
considered here because it is not only slower than C/GMRES but
also sensitive to numerical error and often fails, as shown in the case
of receding horizon control.?! Table 1 shows average computational
times per update and the average error of optimality per grid point

fData available online at http://www.netlib.org/minpack/ [cited 28
October 2000].
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Table 1 Average computational time per update (ms) and the
average error of optimality per grid point ||F||/N

C/GMRES MINPACK
N time, ms Error time, ms Error
10 0.4 43 %1073 6.26 53 %1073
20 0.82 1.9 x 1073 24.0 2.8x 1073
30 1.1 1.1x 1073 65.2 1.9x 1073
Video Tracker
Measurement
Sequence
CCD
Camera
Computer
g 4= Input
Sequence
Hovercraft Controller
Fig. 6 Experimental apparatus.
0.3 0.3
_ o2 - _ 02
4 zZ
= o0 = 01
=] =]
0 0
0.1 - 0.1
0 5 0 5
Time [sec] Time [sec]

Fig. 7 Control inputs in the experiment.

[|F|I/N. Tuning parameters in MINPACK are chosen so that errors
are of an order comparable to those in C/GMRES. Table 1 indicates
that the computational time of the proposed algorithm is 1.1 ms even
when N = 30, and it increases linearly with respect to the number of
grid points, whereas MINPACK takes 6.26 ms on average even for
the smallest number of grids N = 10 and takes 65.2 ms for N = 30.
The computational time for update in C/GMRES is constant because
it involves no iterative search, while the computational time for up-
date in an iterative optimization method varies in general. Therefore,
the proposed algorithm can be implemented with a sampling period
not exceeding 1.1 ms in the present computational conditions.

Experiment

To evaluate the actual applicability of the proposed algorithm, we
apply C/GMRES to MHSE in an experimental apparatus (Fig. 6).
A hovercraft model (Taiyo Toy Ltd., Typhoon T-3; 356 mm x
212 mm x 142 mm) is controlled by a computer through a radio
controller. The motion of the hovercraft model is measured by a
charge-coupled-device camera, and the measurements are sent to
the computer via a processing unit (OKK Inc., Video Tracker G280).
In the experiment, the measurement equation is given as

1 (@) xi(1) vy (1)
() X)) | 4+ | va(®)
y3(2) x3(1) v3(1)

Dx(t)+v

State estimation is carried out for a set of experimental data over
8 s. The physical parameters of the experiment are the same as
those in the numerical example. Figure 7 shows the outputs of the
two thrusters. Only three values, —0.121, 0, and 0.342, are available
as the input in the experiment. The weighting matrices for MHSE

are chosen as
Sy =diag[0.2,0.2,0.2,0.001, 0.001, 0.001]
0 = diag[50, 50, 50]
W = diag|3, 3,0.1]

The computation is performed on a personal computer (CPU:
PowerPC, 240 MHz) with the integration step At =1/120 s, the
number of grid points N = 15, kpax = 15, and ¢ = 1/At. The length
of the horizon is chosen so that T (0) =0 and T () — Tr as t — oo,
namely, T'(¢) :=T7(1 — e™*") with Tf =0.2 s and o = 1. The initial
estimates for the position and attitude are given by the measured
data, and the initial estimates for the velocities are set zero.

0.1 MHSE
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. 0
E o1
X 2
0.3
0 5
Time [sec]
0.2
E o
2 Fig. 8 Estimation of the position
02 and attitude.
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Figures 8 and 9 show the results of computation by C/GMRES
and measurement data. Figure 8 shows the estimates of the position
and attitude as well as the measured values. The estimates of position
and attitude almost overlap with the measurements.

Figure 9 shows the estimates of the velocities, for which true
values are not available in the experiment. The solid lines repre-
sent the estimates calculated by MHSE, and the broken lines rep-
resent the estimates calculated by processing the finite difference
of the measured positions with a low-pass filter. The estimates by
MHSE are smoother than the filtered data in Fig. 9, which indi-
cates a smoothing property of MHSE based on the model. The total
computational time for the estimation over 10 s is 5.55 s, which
implies that the computational time for updating the estimate is
5.55+ (10 x 120) =4.6 x 103 s and the algorithm can be imple-
mented in real time with a smaller sampling period than 1/120 s.

Conclusions

We proposed a real-time algorithm for nonlinear moving horizon
state estimation by combining the continuation method with gen-
eralized minimum residual (GMRES). A state estimation problem
has been formulated in a deterministic setting as a minimization of
a performance index with a moving horizon over a finite past. To
solve the optimization problem efficiently, the continuation method
has been introduced to trace the solution without any line search or
Newton iteration. As a result, the estimate can be updated at each
sampling time by solving a linear algebraic equation only once.
Moreover, the linear algebraic equation can be solved efficiently
through the use of GMRES, one of the Krylov subspace methods.

The proposed algorithm has been demonstrated in a simulation
and an experiment with a hovercraft model whose dynamics is non-
linear. The simulation results reveal that the proposed algorithm
generates reasonable estimates even when the extended Kalman fil-
ter fails. Moreover, the results of the simulation and experiment
confirm that the proposed algorithm is executable in real time.
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